Abstract -In this study, we propose a fault analysis method for a power distribution grid with PCSbased DERs. We first explain the characteristics of a PCS-based DER. According to the characteristics, the DER is considered as a current-controlled voltage source, which produces varying voltages within a certain limit so that currents equal to given references flowing from the DER to the grid (currents controlled). So, we introduce the symmetrical equivalent models in the form of varying voltage source for fault analysis and then, construct a convex optimization problem to solve the fault problem associated with the equivalent models and grid conditions. Thus, the proposed method enables to perform a proper fault analysis considering the characteristics of the DER, which are currents controlled, voltage limited, and unity power factor achievement. To verify the validity of the proposed method, we perform computer simulations with the proposed method and with MATLAB Simulink, and the results are compared.
Introduction
With advanced power conversion technologies with power electronics, many distributed energy resources (DERs) with power conversion systems (PCSs) have been developed and integrated into the power distribution grid. The impact of distributed energy resources on the power grid has been discussed in several studies [1] [2] [3] [4] . However, as a PCS-based DER has different structure and control strategy from those of a conventional system [5] , its impact on the power grid requires a different approach and analysis.
Conventional distributed power sources integrated to the grids by synchronous generators (SGs) with small internal impedances have excitation systems to maintain the rotor voltage at given values, they were considered as voltage sources. On the other hand, a PCS-based DER includes a DC/AC power converter, which is often called an inverter, to integrate an energy resource into the power grid. The inverter converts DC to AC by chopping the DC voltage with a PWM technique; thus, it produces a large amount of switching noise. As the noise from a PCS-based DER to the power grid should be less than a certain amount, the inverter includes a comparatively large filter inductance to eliminate the noise [6] . In addition, the inverter uses feedback current control schemes for a stable power flow from the energy resource to the grid [7] , especially for intermittently changing renewable energy resources. For these reasons, a PCS-based DER is considered to be a current source [8] when analyzing its effect on the power grid. Here, it must be recalled that power system analysis results would be totally different by what type of sources we apply among voltage and current sources.
As a result of the feedback control of the inverter current, the inverter causes some over-voltage phenomena under various abnormal conditions such as a load-rejection or single-line fault. In [9] , experimental tests were performed to observe the transient characteristics of commercial inverter systems when a load is suddenly disconnected. Moreover, the authors of [10] extended the test to the case in which these systems are islanded. However, these studies are only demonstrated their tendencies when reacting to transients for the given conditions. In [11] , a single-line fault in a power grid including a PCS-based DER was analyzed, but the DER was assumed to be an ideal current source, which implies that the inverter voltage unrealistically increases in some cases.
It is important to note that the inverter basically generates an AC voltage from a DC source; that is, the inverter is a variable voltage source. Current control is carried out by varying the inverter voltage, and the voltage is limited by a control limit [12] or some other means depending on the grid conditions. Therefore, in order to analyze the impact of a PCS-based DER on the power grid properly, we must consider the characteristics of both the current source and varying voltage source, including the effects of the voltage limit.
In this study, we propose a fault analysis method for a power distribution grid with PCS-based DERs. We first introduce PCS-based DER's characteristics. Second, we derive DER's equivalent static source models based on these characteristics. Then, we construct a convex optimization problem to solve the fault problem associated with the DER's equivalent models as well as the grid conditions. To verify the validity of the proposed method, we perform computer simulations with the proposed method and with MATLAB Simulink, and the results are compared.
It is highlighted that the proposed method enables to analyze the effects to the grid with PCS-based DERs applying 1) current controls, 2) inverter output voltage limits, and 3) unity power factor achievement at point of interconnection, without complicated and time-consuming dynamic simulations. In addition, we remind the readers that the analysis results are valuable because they are used to confirm if the grid effective grounding remains when fault occurs and to choose proper transient voltage surge suppressors (surge arrestors) for the protection of power equipment in the grid.
PCS-based DER
A steady-state fault analysis for a power distribution grid is generally performed with static source models. To derive an appropriate static source model for a PCS-based DER to conduct a fault analysis, it is important to comprehend the operating characteristics. In this paper, "DER" will mean "PCS-based DER" unless otherwise noted.
Operating characteristics
A DER roughly consists of two parts: the renewable energy sources with power converters in Fig. 1(a) and the inverter system for grid integration in Fig. 1(b) . The renewable energy sources require power converters to convert AC power to DC power or to change the magnitude of the DC voltage. Assuming that the losses of the power converters are ignored, this part can be equivalently reduced to a variable current source as follows:
where is the randomly generated power from the renewable source, and is DC-link voltage. The inverter system has four parts: the 1) DC-link part, 2) DC/AC-converter part, 3) LCL-filter part, and 4) control part. First, the DC-link part acts as a buffer to maintain the DC-link voltage within certain range for a short time when the power from a renewable energy source and the power to the grid through the inverter system are unbalanced. This part might include additional resistors connected to a DC link to resolve a power unbalance. The DC-link voltage dynamics are expressed as
From (2), for = 0, if DC-link voltage is maintained at a constant value by some control, i.e., ̇ ≈ 0, the power generated by the renewable energy source can be fully delivered to the grid through the inverter system. Second, the DC/AC-converter part consists of power electronics switches with gate drivers. Its role is to generate AC voltages according to the given references by chopping the DC-link voltage. The chopping process is basically carried out with a sinusoidal pulse-width modulation (SPWM) technique [13] . The output voltages of the DC/AC converters appear as chopped pulse waveforms, which consist of the fundamental and switching frequency components. In the PWM process, the fundamental components of the output line-to-line voltage cannot exceed the DC-link voltage instantaneously, i.e.,
where y = min(x 1 , x 2 ) means that y is equal to the smaller value of either x 1 or x 2 , and is the modulation index. The subscript as signifies the respective A-phase component represented in the stationary frame. The output voltages are floating because they are based on the DClink neutral point "n." Regarding the limits of the voltage magnitude, (3) can be re-expressed in terms of the dq components in the rotating frame as Fig. 1 . Structure of a PCS-based DER structured consisting of (a) renewable energy sources with power converters and (b) an inverter system for grid integration components represented in the dq (rotating) frame. It is noted that the dq components in the rotating frame are transformed with a dq transformation matrix from three phase components in the stationary frame [14] , and it is assumed that all variables are represented per unit in this work to avoid confusion. Third, the LCL filters consist of filter inductors, capacitors, and damping resistors. The LCL filters eliminate the switching frequency components so that the power related the fundamental frequency components is delivered to the grid. As the filter capacitance is typically very small and the damping resistance is quite large, the currents flowing into the capacitors are very small. Thus, for the steady-state analysis of the fundamental frequency, the capacitors and damping resistors can be ignored [6] . Then, the steady-state voltage equation for the filters in the dq frame is simply expressed with aggregated filter reactance as follows:
where = + , and = + . It is noted that a vector represented in the dq frame is the same as that represented in the phasor; thus, the relationship in (5) is also true in the phasor representation.
Fourth, the inverter system controls and the inverter (output) currents , as shown in Fig. 2 . This control is generally performed in the synchronous rotating dq frame in which the d axis is aligned with the positive sequence components of the terminal voltage; this alignment -socalled synchronization -is achieved with a phase-locked loop (PLL) technique [7, 15] . In the synchronized frame, the active and reactive powers to the grid can be regulated by d-and q-axis current control, respectively; thus, the DClink voltage is regulated by controlling the d-axis current [16] . The q-axis current is generally controlled to zero to achieve a unity power factor. The outputs from the d-and q-axis current controllers are the d-and q-axis voltage references after the respective limiters, which implies
, where V _ = √2 V _ . (6) And, the controller outputs are transformed into three phase components and used as the references for comparison with saw-tooth waveforms for the SPWM process. Again, it is important to note that the voltage references are equal to the inverter (output) voltages, except for the switching frequency components.
Setting the operating limits
Under the normal condition for a distribution grid, the power from the DER system is absorbed by the local loads or flows into the main source (substation side); thus, the inverter currents will be close to the rated current. On the other hand, when a fault occurs and the main source is active in the distribution grid, the magnitude of the positive sequence components of the voltage at the integration terminal decreases; therefore, the current should increase to have the same power before the fault flowing to the grid. However, the current cannot increase beyond the control limit; thus, the current remains at the limit, and the excess power is dissipated by the DC-link resistors. As an example of choosing the current limit, we consider IEEE Standard 1547. According to this standard, it is considered normal condition if the voltage at the integration terminal is greater than 88% and less than 110% of its rated value. This implies that the inverter current should be able to flow 113.6% more than its rated value at the rated power condition:
where K is set to be equal to 1 unless the corresponding maximum current is stated in the specifications of the inverter system. In addition, when a fault occurs, it is possible that the voltage at the integration terminal significantly increases. In this case, the inverter voltage should also increase so that the current is the same as that before the fault. However, this is unlikely because the inverter voltage is limited by both the respective controller limiters and DClink voltage. The voltage limit in the control is similarly chosen as that in (7); it is normal unless the voltage at the integration terminal exceeds 110% of the rated value, and in this case, the current will be 91% of its rated value. Assuming that a unity power factor is achieved by the control, the following voltage limit is chosen: where K is set to be equal to 1 unless the corresponding maximum voltage is stated in the specifications of the inverter system. Finally, from (4), (6) , and (8), we can expect the inverter voltage to be limited as
Simplified model
For simplicity, we assume that the current control is carried out in some dq frame, not the synchronous dq frame in which the d axis is aligned with the integration terminal voltage, and that the phase of the current reference * is properly obtained to achieve a unity power factor, which means that the q-axis component of the reference is not zero. Then, a DER can be represented in a simple form, as shown in Fig. 3 . This simplified model can also be converted into a current source model (Fig. 4) , which is useful in some fault cases.
DER's current source model
When the power factor at the integration terminal is controlled at 1, we can assume that a load resistance is connected at the terminal. Moreover, considering that the control is carried out with simple PI controllers, the simplified model of the DER can be converted into a static current source model, where the current reference becomes the Norton current source, and the Norton impedance is written as
where and are the proportional and integral gains of the PI controller, respectively; and is the angular frequency component regarding positive or negative component in the rotating dq frame. The values of regarding positive and negative sequences are zero and 2π × 120, respectively. Here, we note that the Norton impedance varies by the controller gain, load conditions, and sequence components. In particular, the Norton impedance for the positive sequence is infinite ( _ = ∞), which implies that the inverter voltage could increase infinitely. In addition, the zero sequence component of inverter current is generally not controlled; therefore, the respective zero sequence should be modeled from the perspective of a voltage source model. As the DC-link neutral point is not grounded, the zero sequence path of the inverter is open. Accordingly, the current source model for the fault analysis is shown in Fig. 5 .
However, it should be noted that this current source model does not include the effect of the inverter voltage limit in (9) ; thus, the analysis results obtained by this model might be misleading, especially for the case in which the terminal voltage greatly increases.
Proposed Method to Derive DER's Static Model
For a proper fault analysis that includes the application of the inverter characteristics of the current control, including the effect of the voltage limit, we need to derive the static voltage source model of a DER that has positive and negative components varying according to the conditions of the distribution grid, as represented in Fig. 6 . For this, we solve an optimization problem that has the constraints by the operating limits of the DERs and the grid conditions.
In the first subsection, the constraints for the single-line fault condition are derived in a matrix form. In the second subsection, an optimization problem representing the characteristics of the current control with the constraints is constructed. In the third subsection, the flow of the proposed method is presented. The flow includes a repetitive process to derive a proper current reference to achieve a unity power factor at the DER terminal.
Constraints for the single-line fault condition
For the fault analysis, the networks for the positive, negative, and zero sequences are separately expressed. Regarding the DER, sources exist in both the positive and negative sequence networks, and we need to derive the equivalent voltage sources for the fault analysis.
Let us assume that there is a distribution grid, and n DERs are interconnected to the grid, where a substation is located at bus 1, and the DER is connected to bus . In the grid, a fault occurs at bus . For simplicity, let us consider only 1 DER, as illustrated in Fig. 7 ; in this case, = 1, = 1, = 5, and = 3. First, we obtain the network admittance matrix for the positive sequence. Note that the voltage sources with internal impedances in series are transformed into current sources with impedances in parallel by the Norton theorem. In addition, note that there no currents are injected into the buses, except for the buses where the sources are connected. Then, the order of the buses is rearranged with a permutation matrix: Here, it is noted that the vectors for bus 1, the fault bus (bus 3), and the bus to which the DER is connected (bus 5) are in the 1 st , 2 nd , and 3 rd columns in order. Using the network reduction method [17] , the voltage equation of the reduced network with buses 1, 3, and 5 is expressed as The current injected into bus 3 is zero in the normal condition. By substituting the corresponding values into (12), we have the Thevenin equivalent voltage at bus 3 : _ = _ . In addition, we have the Thevenin impedance seen at bus 3, which is the element at the 2 nd row and 2 nd column of the matrix _ ( _ , ). This is equal to the positive sequence's equivalent impedance . Second, in the same way, we calculate the negative sequence's equivalent voltage _ and impedance from the respective impedance matrix _ , and the zero sequence's equivalent impedance from the respective impedance matrix _ .
Third, after obtaining all of the equivalent impedances, It is noted that one-third of the fault current is injected into bus 3 when a fault occurs, i.e., = .
By using (12) and (13), the positive, negative, and zero sequence components of the voltages at the buses for the fault condition can be calculated. Once the sequence components are obtained, they are transformed into three phase components (based on the ground) using [18] = .
Complex optimization problem
According to the characteristics of the DER and grid in the normal and fault conditions, we construct a convex optimization problem with complex variables:
Subject to
where the subscript signifies the DER number. The summed error between the references and sequence components of the currents of n inverter systems is minimized with (15) and (16) . Minimizing the error is the same as the way of the current control working. As noted in (10), the integral gain effect for the negative sequence component is much smaller than that of the positive sequence component. This effect is applied by using the weight , which is chosen to be 0.001 in this work.
The other constraints to be satisfied are listed in (17)-(27). The positive and negative sequence components of the equivalent voltage seen at bus in the normal condition are
where
The double equal sign "==" signifies the equality constraints. _ , denotes the second raw component of the matrix _ . From (13), the constraint for a fault current is
== ( _ + _ )/( + + + 3 ). (19)
The positive and negative sequence components of the inverter current have the relations of
For the positive and negative sequence components of the inverter voltage,
It is recalled that, when the neutral point of the DC-link voltage is not grounded, _ = 0 , and _ is floating (unknown). The positive, negative, and zero sequence components of the terminal voltage of the DER have the relations of
where _ , denotes the ( + 2) th raw component of the matrix _ . Most importantly, from (9), the inverter voltage is limited by
This optimization problem is solved with a convex programming solver [19] .
Procedure of proposed method
In this subsection, a method for obtaining an accurate solution of the fault problem by finding a proper current reference with a repetitive process is presented. The flowchart of the process is shown in Fig. 9. 
With a main source (Grid-tied mode)
When DERs are interconnected to the grid, we assume that a unity power factor is achieved with respect to the positive sequence components in both the normal and fault conditions. For this, we need to adjust the references of the inverter currents, which have the same angles as those at the terminal voltages of the DERs, as stated below. 
Without a main source (Islanded mode)
When the main source is disconnected by the opening of a circuit breaker (for instance, that at bus 2 in Fig. 7 ) and the DERs are running islanded, a unity power factor cannot be achieved because the power factors at the DER terminals depend on loads that remain in the grid. As matter of fact, in this case, the frequency of the inverter voltage might greatly change owing to the effect of the PLL control, and the DER will be disconnected from the gird by its anti-islanding system in most cases. However, in this work, we will consider the case in which the DER remains connected to the grid without a main source. We assume that the DER has a properly designed PLL system, of which the control output is properly limited; thus, the frequency remains around 60 Hz.
In addition, as the main source to be referenced with the power angle of zero is no longer present, we need to choose a DER as an alternative reference unit. For this, the phases of the inverter current references are shifted on the basis of that of the 1 st DER as * = * where = tan * *
. (32) In addition, the following constraint is added to the optimization problem:
Then, the angle of the inverter current of the 1 st DER and the respective reference are set to zero, and the bus voltages and currents will be represented on the basis of the angle.
Simulation Results
To verify the validity of the proposed method, computer simulations are carried out, where the results of the proposed method are compared with those obtained from dynamic simulations using MATLAB Simulink. The model of a DER for Simulink was constructed as shown in Fig. 1  and 2 . The rated power of a DER is 10 MW, and its inverter system consists of 10 identical 1 MW inverters. The parameters of the 1 MW inverter used for the Simulink simulation are listed in the Appendix.
The configuration of the distribution grid for the simulation is shown in Fig. 10 , and the impedances are Table 1 . The base power is 100 MVA. DERs are operated at their rated power with a unity power factor at the terminal buses before the transformers for grid integration. In this work, the maximum current of a DER in (7) is set to be equal the rated value (0.1 pu). The terminal bus line voltage of the DERs is 380 Vrms. Further, a load is connected to bus 8 through a D-Yg transformer. First, we consider the case in which a single line ground (SLG) fault occurs at bus 2 and the circuit breaker (CB) at bus 5 is closed so that the main source is still active (case 1). Fig. 11 shows a comparison of waveforms obtained from the Simulink simulation (solid line) and those generated on the basis of the results of the proposed method (dotted line). Fig. 11 (a), (b) , and (c) show the inverter line voltages, terminal line voltages, and inverter currents of DER1. The inverter voltage waveforms obtained with the Simulink simulation are actually pulses; thus, they are filtered with a 1 st -order low-pass filter with a cut-off frequency is 9 kHz. As seen in the figure, the results obtained by the proposed method exactly match those of the Simulink simulation. In addition, the positive, negative, and zero sequence components are calculated using a signal processing technique on the basis of the waveforms obtained from the Simulink simulation and are listed with those of the proposed method in Table 2 and 3. It is noted that the angles of the positive sequence components of the terminal voltages and currents of the DERs are almost the same for the results obtained by both methods, which implies that a unity power factor is achieved Second, we consider another case in which the CB at bus 5 is opened after an SLG fault; thus, there is no main source, but the DERs are still running and islanded (case 2). It is assumed that the frequencies of both of the inverter voltages of the DERs remain around 60 Hz. In the Simulink simulation, the PLL control output is properly limited; thus, the frequency does not exceed 60.5 Hz. Fig.  12 shows a comparison of the results, similar to Fig. 11 . It is seen that some harmonic components are included in the waveforms obtained with the Simulink simulation. These waveforms are slightly different than those of the proposed method because the frequency has a difference of 0.5 Hz owing to the effects of the PLL control and current control. Table 4 and 5 list the positive, negative, and zero sequence components obtained with the Simulink simulation and proposed method. The values are slightly different, but they are almost the same in magnitude and phase. In addition, the magnitudes of the fault currents and bus voltage obtained by the proposed method and Simulink simulations are compared. The bus-8 B-phase voltage, which has the largest magnitude among the three phase components, is chosen for comparison. Table 6 
Discussion
As mentioned over the paper, a PCS-based DER is considered as a current source unlike the conventional distributed power sources considered as a voltage source. However, recalling that the current control is performed by varying the inverter voltage, in some fault conditions such the magnitude of voltage at the DER's integration point increasing too large, it is evident that the magnitude of the inverter voltage should be larger. This does not happen because the inverter voltage cannot exceed their limits, and, in consequence, the inverter current control fails. In addition, as the DER is usually operated in unity power factor, the angles of the current source and the voltage at the integration point should be matched. To include these factors into the modeling, it was necessary to apply iterative processes with optimization techniques as well as symmetrical analysis methods.
In power grid, steady state analysis is often very important. For instance, many transient voltage surge suppressors are installed in power grid to let sudden surplus energy flowing into the ground so that power equipment is protected from the voltage surge. These suppressors are not designed to run against high voltage in steady state. For this case, the proposed can be applied to check if effective grounding is satisfied when fault happened and to choose proper surge suppressors and their settings.
Lastly, it is stressed that the proposed method is designed for steady state analysis related to fundamental frequency, and thus it would not be adequate for analysis related to transient characteristics. In addition, as this work is verified by computer simulations, we expect that results might be slightly different by factors such as harmonics not considered in the simulations. 
Conclusions
In this work, we proposed a fault analysis method using an optimization problem in which the constraints are derived according to the DER characteristics and grid conditions. While the method with a current source model for a DER only works for the condition with a main source, the proposed method is useful with and without a main source. In addition, as the proposed method produces the information of inverter voltages in fault conditions, it is expected to be beneficial in analyzing the fault effect by the inverter voltage limit. The usefulness of the proposed method is demonstrated with computer simulations. This work is expected to be useful for the steady-state fault analysis of a power distribution grid with multiple PCSbased DERs.
